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1. Introduction
A cover of a ﬁnite group G is a ﬁnite group having G as a quotient. A cover is proper if the
corresponding quotient is proper. The spectrum ω(G) of a ﬁnite group G is the set of element orders
of G . We say that G is recognizable by spectrum among covers if ω(G) = ω(H) for every proper cover
H of G . If G has a nontrivial normal soluble subgroup, then there are inﬁnitely many covers of G
with spectrum equal to ω(G) [1, Lemma 1]. On the other hand, many of nonabelian simple groups
are recognizable by spectrum among covers. For example, the alternating groups An with n 5 have
this property [2], as well as many simple groups of Lie type of small ranks (see [3,4] for details).
By [5, Lemma 9], a ﬁnite group G is recognizable by spectrum among covers if and only if
ω(G) = ω(H) for every split extension H = V  G , where V is an absolutely irreducible ﬁnite di-
mensional G-module over a ﬁnite ﬁeld. If G is a group of Lie type, it is natural to distinguish between
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problems.
Throughout this paper we use single-letter names for simple classical groups, following [6], that
is, Ln(q) means PSLn(q). For simple linear groups Ln(q), n = 4, and unitary groups Un(q), n = 4, the
problem relating to equicharacteristic modules is completely solved; namely, it was proved that the
above extension always has elements of new orders (see [5]). Analogous results hold for simple groups
E8(q) and F4(q), since they are unimodular [7] and have disconnected prime graphs [8,9]. A complete
list of simple groups of Lie type for which this problem is open can be found in Problem 17.73 of the
Kourovka notebook [10].
In this paper, we consider Problem 17.74 of [10], which relates to cross-characteristic represen-
tations, and our aim is to answer the following question under the assumption that G is a classical
group.
Problem 1. Let G be a ﬁnite simple group of Lie type deﬁned over a ﬁeld of characteristic p whose Lie
rank is at least three, and V an absolutely irreducible G-module over a ﬁeld of characteristic prime
to p. Is it true that the split extension of V by G must contain an element whose order is distinct
from the order of any element of G?
Zavarnitsine [11] provided a positive answer to this question in the case when G is a linear group.
In the following theorem, we do the same for the other classical groups (observe that the twisted
rank of U5(2)  2A4(2) is equal to 2).
Theorem 1. Let G be one of the simple groups Un(q), where n  4, S2n(q), where n  3, O 2n+1(q), where
n 3, and O±2n(q), where n 4. Suppose that V is a G-module over a ﬁeld of characteristic r prime to q. Then
either ω(V  G) = ω(G), or G = U5(2) and r = 3. If G = U5(2), then there is a 10-dimensional G-module V
over a ﬁeld of characteristic 3 such that ω(V  G) = ω(G).
Theorem 1 and [5, Theorem 1] imply
Corollary 1. Let G be a simple group Un(q), where n  4. If G = U5(2) and either n > 4, or q is even or q is
prime, then G is recognizable by spectrum among covers.
2. Notation and preliminary results
We write [m1,m2, . . . ,mk] and (m1,m2, . . . ,mk) to denote the least common multiple and greatest
common divisor of the integers m1,m2, . . . ,ms respectively. The set of prime divisors of a positive
integer m is denoted by π(m) and if G is a ﬁnite group, then π(G) stands for π(|G|). If π is a set of
primes, then mπ denotes the π -part of m, that is, the largest divisor k of m with π(k) ⊆ π ; and mπ ′
denotes the π ′-part of m, that is, the ratio m/mπ .
For a ﬁnite group G , the set ω(G) is uniquely determined by the subset μ(G) of all elements
maximal under divisibility. If G is a ﬁnite group and r is a prime, then the r-exponent of G is the
exponent of a Sylow r-subgroup of G .
If q is integer, r is an odd prime, and (q, r) = 1, then e(r,q) denotes the multiplicative order of q
modulo r. Given an odd integer q we put e(2,q) = 1 if q ≡ 1 (mod 4), and e(2,q) = 2 otherwise.
Let q be integer with |q| > 1. A prime r is said to be a primitive prime divisor of qm − 1 if and
only if e(r,q) = m. Zsigmondy [12] proved that primitive prime divisors exist provided q and m are
suﬃciently large. We need this result for m > 2.
Lemma 1 (Zsigmondy). Let q be integer with |q| > 1. For every integer m > 2 there exists a prime r such that
e(r,q) =m except for the cases q = 2, m = 6 and q = −2, m = 3.
Given a pair (q,m), where q is integer, |q| > 1, m is integer, m > 2, and (q,m) /∈ {(2,6), (−2,3)},
we write rm(q) to denote some primitive prime divisor of qm − 1 and put r∗m(q) = rm(q). Also we
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deﬁnition of primitive divisors.
Lemma 2. Let q be integer with |q| > 1, n and m positive integers, and m > 2. If r∗m(q) divides qn − 1, then m
divides n.
Lemma 3. Let q be integer, q > 1, and ε = ±1. If an odd prime r divides q − ε, then (qm − εm){r} =
m{r}(q − ε){r} . If q − ε is divisible by 4, then (qm − εm){2} =m{2}(q − ε){2} .
Proof. See, for example, [13, Chapter IX, Lemma 8.1]. 
Lemma 4. (See [14, Lemma 1].) Let G be a ﬁnite group, K a normal subgroup of G, and G/K a Frobenius
group with kernel F and cyclic complement C . If (|F |, |K |) = 1 and F is not contained in KCG(K )/K , then
r|C | ∈ ω(G) for some r ∈ π(K ).
Lemma 5. For each of the following triples (G, f , c) the group G contains a Frobenius group with kernel of
order f and cyclic complement of order c.
(1) G = S2n(q) with n 2, f = qn, and c = (qn − 1)/(2,q − 1);
(2) G = O 2n+1(q)with n 3 and q odd or G = O+2n(q)with n 4, f = qn−1 , and c = (qn−1 −1)/(2,q−1);
(3) G = O−2n(q) with n 4, f = qk, and c = (qk − 1)/(2,q − 1) for any k n − 2;
(4) G = Un(q) with even n 4, f = qn/2 , and c = (qn/2 − 1)/(2,q − 1);
(5) G = Un(q) with n 5, f = qk, and c = qk − 1 for any even k n − 3;
(6) G = Un(q) with even n 4, f = qn−2 , and c = (qn−2 − 1)π(b)′ with b = (n/2,q2 − 1).
Proof. Observe that it is suﬃcient to ﬁnd the required Frobenius group in some central extension G˜
of G provided that |Z(G˜)| and f are coprime. The further proof relies on the well-known fact that
GLn(q) contains a Frobenius group with kernel of order qn−1 and cyclic complement of order qn−1 −1.
Following [15], we write 1
(2,q−1)GLn(q) to denote the unique subgroup of index (2,q − 1) in GLn(q).
Since Ω2n+1(q) and Ω+2n(q) contain
1
(2,q−1)GLn(q), while Ω
−
2n(q) contains
1
(2,q−1)GLn−1(q) (see the
proof of Proposition 4.1.20 in [15]), the assertion holds for (2) and (3).
It is clear that SUn(q) contains GUk+2(q) for every even k n − 3. By [15, Lemma 4.1.9], GUk+2(q)
contains GL(k+2)/2(q2). This proves the assertion for (5).
If n is even, then SUn(q) contains a subgroup, say P , isomorphic to SLn/2(q2) (see the proof of
Proposition 4.2.4 in [15]). According to [11, Lemma 3] there is a subgroup H of SLn(q) such that
(i) H is a split extension of a group of order qn−1 by a cyclic group of order qn−1 − 1;
(ii) H contains Z(SLn(q)) and the image of H in Ln(q) is a Frobenius group with cyclic complement
of order (qn−1 − 1)/(n,q − 1).
Thus P has a subgroup P1 of order qn−2(qn−2 − 1) whose quotient by Z(P ) is a Frobenius group
with cyclic complement of order (qn/2 − 1)/b. A Hall π(b)′-subgroup of P1 embeds into P/Z(P ) and
therefore is a Frobenius group. This gives the desired Frobenius group for (6).
In case (1) the assertion is proved in [16, Lemma 2.8]. By [15, Proposition 4.5.6], if n is even, then
Un(q) contains Sn(q), so the assertion follows in the case (4) as well. 
All representations and modules considered in the paper are ﬁnitely dimensional. Given a rep-
resentation θ of a group G and g ∈ G , we write degθ (g) to denote the degree of the minimum
polynomial of θ(g). We deﬁne degV (g), where V is a G-module, in the analogous way.
Lemma 6. (See [5, Lemma 9].) A ﬁnite group G is recognizable by spectrum among covers if and only ifω(G) =
ω(H) for any natural semidirect product H = V  G, where V is a ﬁnite absolutely irreducible G-module.
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It is easily seen that the coset V g of the natural semidirect product V  G contains an element
of order rα+1 if and only if degV (g) = rα . We will use the following result concerning minimum
polynomials of elements in representations of classical groups.
Lemma 7. (See [17].) Let G be a ﬁnite classical group over a ﬁeld of characteristic p with G ′ being quasi-
simple. Let s be a power of a prime other than p and g ∈ G be a noncentral element such that g belongs to a
proper parabolic subgroup of G and has order s modulo Z(G). Let V be an absolutely irreducible G-module of
dimension > 1 over a ﬁeld of characteristic r = p such that degV (g) < s. Then for some z ∈ Z(G) one of the
following holds:
(i) G = Sp2n(p), p > 2, n 2, s = p + 1, and rank(g − z) = 2;
(ii) G  GUn(p), p > 2, n > 2, s = p + 1, and rank(g − z) = 1;
(iii) G  GUn(q), p = 2, n > 2, s = q + 1, and rank(g − z) = 1;
(iv) G  GUn(2), n > 4, s = 9, and rank(g − z) = 3;
(v) G  GUn(q) and rank(gk − z) = 1, where k = s/(q + 1) > 1 and n ≡ 1 (mod k); moreover, n − 1 > k if
s is odd.
Lemma 8. (See [1, Lemma 3].) Let G be a ﬁnite group, W a complex G-module with character χ and V an
r-reduction of W for some prime r. Suppose that g ∈ G has order n = rα > 1 and∑n−1i=0 χ(gi)εi = 0 for some
root ε of the polynomial xn − 1. Then the coset V g of the natural semidirect product V  G does not contain
elements of order rα+1 .
Lemma 9. Let G be a ﬁnite group and V a faithful G-module over a ﬁeld of characteristic r > 0. Suppose that
g ∈ G has order n = rαm, where α  0 and (m, r) = 1. If dimCV (grα ) < rα , then the coset V g of the natural
semidirect product V  G does not contain elements of order rn.
Proof. Suppose for a contradiction that there is v ∈ V such that (vg)n = v(1+ g+ g2+· · ·+ gn−1) = 0.
Put k = rα , x = gm , and y = gk , and choose integers a and b such that am + bk = 1. Then g = xa yb .
The order of y is prime to p, so we can decompose V as a direct sum of g-invariant subspaces CV (y)
and [V , y]. Let v = u + w with u ∈ CV (y) and w ∈ [V , y]. Then
0 = v(1+ g + · · · + gn−1)= (u + w)(1+ y + · · · + ym−1)(1+ g + · · · + gk−1).
Since w = v1 y − v1 for some v1 ∈ V , it follows that
w
(
1+ y + · · · + ym−1)= v1(ym − 1)= 0.
Furthermore, 〈x〉 = 〈xa〉 implies
u
(
1+ g + · · · + gk−1)= u(1+ xa + · · · + xa(k−1))= u(1+ x+ · · · + xk−1).
Hence
0 = 1
m
u
(
1+ y + · · · + ym−1)(1+ g + · · · + gk−1)= u(1+ g + · · · + gk−1)
= u(1+ x+ · · · + xk−1)=mu xk − 1
x− 1 =mu
(x− 1)k
x− 1 = u(x− 1)
k−1.
Thus the minimum polynomial of x on CV (y) has degree at least k. This contradicts the assumption
dimCV (y) < k. 
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In this section we collect information about semisimple elements of classical groups needed for
the proof of Theorem 1 (see [18] and [19] for unexplained notation and terminology). Every ﬁnite
classical group G in characteristic p can be treated as O p
′
(CG (σ )) for some suitable connected simple
linear algebraic group G and Frobenius map σ . A maximal torus of G is the intersection G ∩ T with T
being a maximal torus of G ﬁxed by σ . Following [19], we say that the torus G ∩ T is anisotropic if
T is anisotropic, that is, T is contained in no proper parabolic subgroup of G ﬁxed by σ .
Conjugacy classes of maximal tori of G are in 1–1 correspondence with σ -conjugacy classes of the
Weyl group of G . In particular, the conjugacy classes of maximal tori of SUn(q) can be parametrized
by partitions of n. The conjugacy classes of maximal tori of Sp2n(q), Ω2n+1, and Ω±2n(q), can be
parametrized by signed partitions n = n1 + · · · + nk , where every ni has sign εi = ± and the num-
ber of minuses among ε1, . . . , εk is even for Ω
+
2n(q), and is odd for Ω
−
2n(q) (see [19, Section 3]).
Lemma 10.
(1) A maximal torus of SUn(q), where n  3, corresponding to a partition n = n1 + · · · + nk is anisotropic if
and only if all n1, . . . ,nk are odd.
(2) Maximal tori of Sp2n(q), where n  2, Ω2n+1(q), where n  2, and Ω±2n(q), where n  4, corresponding
to a signed partition n = n1 + · · · + nk with signs ε1, . . . , εk are anisotropic if and only if all ε1, . . . , εk
are minuses.
Proof. See [19, Section 4]. 
Lemma 11.
(1) Let T be a maximal torus of SUn(q), where n  3, corresponding to a partition n = n1 + · · · + nk, and
T˜ the image of T in Un(q). Then the exponent of T˜ is equal to
[
qn1 − (−1)n1 ,qn2 − (−1)n2 , . . . ,qnk − (−1)nk]/d,
where d = (q + 1)(n,q + 1) if k = 1, d = (n/(n1,n2),q + 1) if k = 2, and d = 1 otherwise.
(2) Let T be a maximal torus of Sp2n(q), where n  2, corresponding to a signed partition n = n1 + · · · + nk
with signs ε1, . . . , εk, and T˜ the image of T in S2n(q). Then the exponent of T˜ is equal to
[
qn1 − ε11,qn2 − ε21, . . . ,qnk − εk1
]
/d,
where d = (2,q − 1) if k = 1 and d = 1 otherwise.
(3) Let T be a maximal torus of Ω2n+1(q), where n 3, corresponding to a signed partition n = n1 +· · ·+nk
with signs ε1, . . . , εk. Then the exponent of T is equal to
[
qn1 − ε11,qn2 − ε21, . . . ,qnk − εk1
]
/d,
where d = (2,q − 1) if k = 1 and d = 1 otherwise.
(4) Let T be a maximal torus of Ω
2n(q), where n  4, corresponding to a signed partition n = n1 + · · · + nk
with signs ε1, . . . , εk and the number of minuses being even if 
 = + and odd if 
 = −. Let T˜ be the image
of T in O ε2n(q). Then the exponent of T˜ is equal to
[
qn1 − ε11,qn2 − ε21, . . . ,qnk − εk1
]
/d,
where d = (4,qn − 
1) if k = 1; d = 2 if k = 2, (4,qn − 
1) = 4, and (qn1 − ε11){2} = (qn2 − ε21){2};
and d = 1 otherwise.
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Lemma 12. Let G be one of the simple groups Un(q), where n  4, S2n(q), where n  3, O 2n+1(q), where
n  3, and O±2n(q), where n  4. Then for every r ∈ π(G) there is s ∈ π(G) such that s = r, (s,q) = 1, and
rs /∈ ω(G).
Proof. By [21, Proposition 7.5], the product of two different primes lies in ω(O 2n+1(q)) if and only if
it lies in ω(S2n(q)). Therefore, we may leave the group O 2n+1(q) out of the proof.
Let G = S2n(q), where n is even, or G = O−2n(q), and let r ∈ π(G). If (n,q) = (4,2), then 17 ∈ ω(G)
and 17r /∈ ω(G) for every prime r = 17 (see [6]). Suppose that (n,q) = (4,2). By Lemma 1 there exist
primitive prime divisors r2n(q) and r2n−2(q). We claim that at least one of rr2n(q) and rr2n−2(q) does
not lie in ω(G).
If r divides q or r = 2, then rr2n(q) /∈ ω(G) by [21, Tables 4 and 6]. Suppose that (r,q) = 1 and r is
odd. By Lemmas 2 and 11 we have that rr2n(q) ∈ ω(G) if and only if rr2n(q) divides (qn +1)/(2,q−1),
while rr2n−2(q) ∈ ω(G) if and only if rr2n−2(q) divides either [qn−1 +1,q−1] or [qn−1 +1,q+1]. Thus
if both products lie in ω(S), then r divides either (qn + 1,qn−1 + 1) or (qn + 1,q ± 1), contradicting
the fact that (qn + 1,qn−1 + 1) = (qn + 1,q ± 1) = (2,q − 1).
A similar argument works if we use r2n(q) and rn(q) for S2n(q) with n odd, rn(q) and r2n−2(q) for
O+2n(q) with n odd, rn−1(q) and r2n−2(q) for O
+
2n(q) with n even, and rn(−q), rn−1(−q) for Un(q). 
Lemma 13. Let q be a prime power, r a prime and r do not divide q.
(1) If n 3 and G = S2n(q), then r(qn − 1)/(2,q − 1) /∈ ω(G).
(2) If n 3, q is odd, G = O 2n+1(q), and r(qn−1 − 1)/2 ∈ ω(G), then either r = 2, or n is even and r divides
q + 1, or q = 3, n = 3, and r = 5.
(3) If n  4, G = O+2n(q), and r(qn−1 − 1)/(2,q − 1) ∈ ω(G), then either n is odd and r = 2, or n = 2m + 1
for some m, q = 2, and r = 3.
(4) If n 4, G = O−2n(q), and r(qn−2−1)/(2,q−1) ∈ ω(G), then either r = 2, or n is odd and r divides q+1,
or n ≡ 2 (mod 4) and r divides q2 + 1, or n = 2m + 2 for some m, q is even, and r divides q2 ± q + 1, or
n = 4 and r divides q2 ± q + 1.
(5) If n  5 is odd, G = Un(q), and r(qn−3 − 1) ∈ ω(G), then either (n,3) = (n,q + 1) = 1 and r divides
q2 − q + 1, or n = 5, (5,q + 1) = 1, and r divides q2 + 1.
(6) If n 4 is even, G = Un(q), and r(qn−2 −1)π(b)′ ∈ ω(G), where b = (n/2,q2 −1), then either r divides b,
or n = 4, q = 2, and r = 3.
To prove Lemma 13, we use Lemma 11 and the following.
Lemma 14. Let q be a prime power, r a prime, n  l  n − 2 and l  3. Suppose that r(ql − 1)/(2,q − 1)
divides t = [qn1 + ε1,qn2 + ε2, . . . ,qnk + εk] for some n1 +n2 + · · · +nk = n and ε1, ε2, . . . , εk ∈ {±1}, and
put N = {(n1, ε1), . . . , (nk, εk)}. If (l,−1) /∈ N, then l is even and one of the following holds:
(i) q is odd, n − l = 2, and (l/2,+1), (l/2,−1) ∈ N;
(ii) q is even, n − l = 2, and t divides [ql − 1,qn′1 ± 1,qn′2 ± 1], where n′1,n′2  0, n′1 + n′2 = 2;
(iii) q is even, l is a power of 2, n − l = 2, and
t = [ql/2 + 1,ql/4 + 1, . . . ,q2 + 1,q + ε,q3 − ε]= (ql − 1)(q2 + εq + 1),
where ε = ±1;
(iv) q = 2, l is a power of 2, n − l = 1, r = 3, and
t = [ql/2 + 1,ql/4 + 1, . . . ,q2 + 1,q3 + 1]= 3(ql − 1).
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tion are odd l and l = 4. For convenience, we say that t contains qm + ε whenever (m, ε) ∈ N .
Let l be odd. Since l  3, there exists a primitive prime divisor rl(q). It divides t , and by Lemma 2
we obtain that t contains qαl − 1 for some natural α. If α  2 and n > 4, then αl 2l  2(n − 2) > n.
If α  2 and n 4, then l 3 yields αl 6 > n. On the other hand, αl n by deﬁnition. Hence α = 1
and t contains ql − 1, contradicting the assumption.
Let l = 4. Then n  6. A primitive prime divisor r4(q) divides t , so t contains q2α − (−1)α for
some α  n/2  3. If α = 2, then t contains q4 − 1, and if α = 3, then q2 + 1 does not divide t .
Hence we may assume that α = 1 and qn1 + ε1 = q2 + 1. Let t˜ denote [qn2 + ε2, . . . ,qnk + εk]. Since
(q4 − 1)/(2,q− 1) divides [q2 + 1, t˜] and t˜ is even, it follows that q2 − 1 divides t˜ . If t˜ contains q2 + 1
or t˜ divides q2 − 1, then t divides [q2 + 1,q2 − 1] = (q4 − 1)/(2,q− 1) and thus r = 1, a contradiction.
So we may assume that t˜ neither contains q2 + 1 nor divides q2 − 1, and, in particular, n − l > 0.
Suppose n − l = 1. Then t˜ is equal to one of the numbers q3 ± 1. As q2 − 1 does not divide q3 − 1,
we deduce that q = 2 and t = [q2 + 1,q3 + 1] = 45 = 3(q4 − 1), that is, (iv) holds. Suppose n − l = 2.
Then t˜ is one of the numbers [q3 ± 1,q ± 1], and again t˜ = q3 − 1. If t˜ = q3 + 1, then q = 2 and
t = [q2+1,q3+1] = [q2+1,q3+1,q−1] = (q4−1)(q2−q+1), and so (iii) holds. If t˜ = [q3−ε,q+ε] =
(q2 + εq+ 1)(q2 − 1)/(2,q − 1), then (q2 + εq+ 1)/(2,q− 1) is integer, so q is even and we have (iii)
again.
Now let l  6 is even. Since r∗l (q) divides t , by Lemma 2 we have that t contains qαl/2 − (−1)α .
It follows that αl/2 n. If α = 2, then t contains ql − 1, contradicting the assumption. If α  3 and
n > 6, then αl/2 3l/2 3(n − 2)/2 > n. If α  3 and n  6, then αl/2 9 > n. So we may assume
that α = 1 and qn1 + ε1 = ql/2 + 1. Putting l˜ = l/2 and n˜ = n− l˜, we obtain that n˜ l˜ 3, n˜− l˜ = n− l
and r(ql˜ −1)/(2,q−1) divides t˜ = [qn2 +ε2, . . . ,qnk +εk]. Suppose that t˜ contains ql/2 −1. If n− l = 2,
then we have (i) for odd q and (ii) for even q. If n − l  1, then t divides [ql/2 + 1,ql/2 − 1,q ± 1] =
(ql − 1)/(2,q− 1) and so r = 1, a contradiction. Thus we may assume that t˜ does not contain ql/2 − 1
and so, by induction, one of (i)–(iv) holds for t˜ .
Suppose that (i) occurs for t˜ . Then l is a multiple of 4 and t divides [ql/2 + 1,ql/4 + 1,ql/4 − 1,
q2 ± 1]. Since 4 divides l, both q2 + 1 and q2 − 1 divide (ql − 1)/2. So t divides (ql − 1)/2 and r = 1,
a contradiction.
Now suppose we have (ii) for t˜ . Then q is even and t divides
[
ql/2 + 1,ql/2 − 1,qn′1 ± 1,qn′2 ± 1]= [ql − 1,qn′1 ± 1,qn′2 ± 1],
that is, we have (ii) for t too. Similarly, if (iii) or (iv) holds for t˜ , then the corresponding assertion
holds for t . 
Proof of Lemma 13. (1) Suppose that a = r(qn − 1)/(2,q − 1) divides the exponent of some maximal
torus of G . As a does not divide (qn ± 1)/(2,q − 1), there are k  2 and n1, . . . ,nk  1 such that
n1 + · · ·+nk = n and a divides t = [qn1 ± 1, . . . ,qnk ± 1]. By Lemma 14, one of n1, . . . ,nk is equal to n,
a contradiction.
(2) By assumption a = r(qn−1 − 1)/2 divides the exponent of some maximal torus of G .
Let n = 3. In this case, 2a divides one of the numbers q3 +1, q3 −1, (q2 +1)(q−1), (q2 +1)(q+1),
and 2(q2 − 1). It is easy to check that 2a does not divide the ﬁrst three of these. If 2a divides (q2 +
1)(q + 1), then q = 3 and r = 5. If 2a divides 2(q2 − 1), then r = 2.
Let n 4. Since (qn − 1)/2 and (qn + 1)/2 are not divisible by a, there are k 2 and n1, . . . ,nk  1
such that a divides t = [qn1 ± 1, . . . ,qnk ± 1] and n1 + · · · + nk = n. By Lemma 14 we have that a
divides [qn−1 − 1,q ± 1]. If n is odd, then a divides qn−1 − 1 and r = 2. If n is even, then a divides
(qn−1 − 1)(q + 1)/2 and so r divides q + 1.
(3) Again, a = r(qn−1 − 1)/(2,q − 1) divides the exponent of some maximal torus of G . This expo-
nent is not equal to (qn−1)/(4,qn−1), so there are k 2 and n1, . . . ,nk  1 such that n1+· · ·+nk = n
and a divides t = [qn1 ± 1, . . . ,qnk ± 1]/d, where d is deﬁned in Lemma 11 and the number of pluses
in t is even.
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q − 1] = qn−1 − 1, in which case q is odd, n is odd and r = 2, or n = 2m + 1, q = 2 and r = 3.
Now let (4,qn − 1) = 4. Since q is odd, it follows that t = [qn−1 − 1,q − 1]/d. If n is even, then
d = 2 and t = (qn−1 − 1)/2, which contradicts r > 1. If n is odd, then d = 1 and r = 2.
(4) Put a = r(qn−2 − 1)/(2,q − 1).
Suppose that n = 4. Then (2,q − 1)a = r(q2 − 1) divides one of the numbers q4 + 1, q4 − 1, (q3 +
1)(q − 1), and (q3 − 1)(q + 1). Hence r divides one of the numbers q2 + 1, q2 − q + 1, and q2 + q + 1.
Let n 5. There are k 2 and n1, . . . ,nk  1 such that n1 + · · · +nk = n and a divides t = [qn1 ± 1,
. . . ,qnk ± 1]. Assume that t contains qn−2 − 1. Let t = [qn−2 − 1,q ± 1,q ± 1] or t = [qn−2 − 1,q2 − 1].
If n is even, then t = qn−2 − 1, whence r = 2. If n is odd, then t divides (qn−2 − 1)(q + 1)/(2,q − 1)
and so r divides q + 1. Let t = [qn−2 − 1,q2 + 1]. If n ≡ 2 (mod 4), then t = qn−2 − 1 and r = 2. If
n ≡ 2 (mod 4), then t = (qn−2 − 1)(q2 + 1)/(2,q − 1) and r divides q2 + 1.
Thus we may assume that t does not contain qn−2 − 1. By Lemma 14 it follows that n is even and
we have three cases corresponding to (i)–(iii) of this lemma. If (i) holds, then q is odd and t divides
[q(n−2)/2 + 1,q(n−2)/2 − 1,q2 − 1], which implies that t divides qn−2 − 1 and r = 2. If (ii) holds, then
q is even and t divides [qn−2 − 1,q2 + 1], so this case was treated above. Finally, if (iii) holds, then
n = 2m + 2, q is even and r divides q2 ± q + 1.
(5) Put a = r(qn−3 − 1).
Suppose that n = 5. Then a = r(q2 − 1) divides one of the numbers (q5 + 1)/(q + 1)(5,q + 1),
(q4 − 1)/(5,q + 1), (q2 − q + 1)(q2 − 1)/(5,q + 1), and q2 − 1. The ﬁrst and last of these numbers are
not divisible by a, and the other two are divisible provided that (5,q+ 1) = 1. Thus (5,q+ 1) = 1 and
r divides either q2 + 1 or q2 − q + 1.
Let n 7 and a divide t = [qn1 −(−1)n1 , . . . ,qnk −(−1)nk ]/d, where k 1, n1+· · ·+nk = n, and d =
d(n1, . . . ,nk) is deﬁned in Lemma 11. Since n− 3 4, there exists a primitive prime divisor rn−3(−q)
and so one of the numbers n1, . . . ,nk is a multiple of n−3. Because 2(n−3) > n we may assume that
n1 = n − 3. If n2, . . . ,nk  2 or n − 3 is a multiple of 3, then t  qn−3 − 1 < a, a contradiction. Hence
k = 2, n2 = 3 and n is prime to 3. In this case, d = (n,q + 1) and t = (qn−3 − 1)(q2 − q + 1)/(n,q + 1).
Therefore, (q2 −q+1)/(n,q+1) is an integer divisible by r. On the other hand, (q2 −q+1,n,q+1) =
(n,q + 1,3) = 1, since (q2 − q + 1,q + 1) = (3,q + 1) and (3,n) = 1. This yields (n,q + 1) = 1, and so
r divides q2 − q + 1.
(6) Put a = r(qn−2 − 1)π(b)′ .
Suppose that n = 4. Then a = r(q2 − 1){2}′ divides one of the numbers (q4 − 1)/(q + 1)(4,q + 1),
(q3 + 1)/(4,q + 1), and q2 − 1. The ﬁrst of these numbers is not divisible by a. If a divides q2 − 1,
then r divides b = 2. If a divides (q3 + 1)/(4,q + 1), then q = 2 and r = 3.
Suppose that n  6 and a divides t = [qn1 − (−1)n1 , . . . ,qnk − (−1)nk ]/d, where k  1, n1 + · · · +
nk = n and d = d(n1, . . . ,nk) is deﬁned in Lemma 11. Since n − 2 4, there exists a primitive prime
divisor rn−2(−q). Hence one of the numbers n1, . . . ,nk is a multiple of n−2. As 2(n−2) > n, we may
assume that n1 = n − 2. Now n2, . . . ,nk  2 implies that t divides qn−2 − 1, whence r divides b. 
4. Weil representations of SU5(q)
For g ∈ SUn(q), we write N(g) to denote the dimension of the subspace of ﬁxed points of g in
the natural n-dimensional SUn(q)-module. According to [22], SUn(q) has a complex representation
of dimension qn whose character χ is given by the formula χ(g) = (−1)n(−q)N(g) . The irreducible
constituents of this representation are called the complex Weil representations of SUn(q). One of
them has dimension (qn + (−1)nq)/(q + 1) and the other q have dimension (qn − (−1)n)/(q + 1). Let
r be a prime not dividing q. Any nontrivial irreducible constituent of the reduction modulo r of a
complex Weil representation can be lifted to characteristic 0 (see [23]). Following [24], we refer to
these irreducible constituents as the r-modular Weil representations. It turned out that Weil modules
are the only modules for which the hypothesis of Lemma 7 can hold.
Lemma 15. Let q be a power of a prime p and G = SUn(q) with n > 2. Let s be a power of a prime other than p
and g ∈ G be a noncentral element such that g belongs to a proper parabolic subgroup of G and has order s
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such that degV (g) < s. Then V is a Weil module.
Proof. See [24, Theorem 3.2]. 
We will need the Weil modules of SU5(q). Let χ0 denote the character of the only complex Weil
representation of dimension q(q2 + 1)(q − 1) and χi , 1  i  q, denote the characters of the other
complex Weil representations of SU5(q). The character χ0 remains irreducible when reduced modulo
any positive characteristic prime to q [25].
Lemma 16. Let G = SU5(q) and let q + 1 be a power of a prime r. Then χi(g) = 1 + χ0(g) for all 1 i  q
and every r′-element g ∈ G.
Proof. See the proof of Proposition 9 in [23]. 
Lemma 17. Let q be a Mersenne prime, G = SU5(q), and V a 2-modular Weil module of dimension
q(q2 + 1)(q − 1) of G. Suppose that x ∈ G has order q and N(x) = 3. Then dimCV (x) = q3 − q and
dimCV (x) dimCV (g) for every element g ∈ G of order q.
Proof. Since q + 1 is a power of 2, for every g ∈ G of order q by Lemma 16 we have
−(−q)N(g) = χ(g) =
q∑
i=0
χi(g) = (q + 1)χ0(g) + q,
whence χ0(g) = (−(−q)N(g) − q)/(q + 1)  (q3 − q)/(q + 1) = χ0(x). Now the required inequalities
follow from the formula dimCV (g) =∑q−1i=0 χ0(gi)/q. 
For convenience in constructing elements of unitary groups, we ﬁx a matrix representation of
SUn(q). Let K = GF(q2) and K ∗ be a multiplicative group of K . Let a → a = aq be the automorphism
of K of order 2 and (aij) → (aij) = (aqi j) the induced automorphism of GLn(q2). Following [26], we
identify GUn(q) with
Gn =
{
A ∈ GLn
(
q2
) ∣∣ A J A = J},
where J is an n × n matrix with ones along the anti-diagonal and zeroes otherwise, and SUn(q) with
the subgroup of Gn consisting of all the matrices with determinant 1.
Proposition 1. Let q be a Mersenne prime, G = SU5(q), and V be a 2-modular q(q2 + 1)(q − 1)-dimensional
Weil module of G. Then ω(V  G) = ω(G).
Proof. We start by building a Frobenius group in G . Let
x1(t,u) =
⎛
⎜⎜⎜⎝
1 0 t 0 −u
0 1 0 0 0
0 0 1 0 −t
0 0 0 1 0
0 0 0 0 1
⎞
⎟⎟⎟⎠ , where t,u ∈ K and tt = u + u,
x2(t) =
⎛
⎜⎜⎜⎝
1 t 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 −t
⎞
⎟⎟⎟⎠ , x3(t) =
⎛
⎜⎜⎜⎝
1 0 0 t 0
0 1 0 0 −t
0 0 1 0 0
0 0 0 1 0
⎞
⎟⎟⎟⎠ , where t ∈ K .0 0 0 0 1 0 0 0 0 1
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and that
[
x1(t,u), x2(s)
]= [x1(t,u), x3(s)]= 1
and
[
x2(t), x3(s)
]= x1(0, ts − ts).
In particular, if tq−1 = sq−1, then x2(t) and x3(s) commute.
Let λ be a primitive 2(q + 1)th root of unity in K . Putting μ = −λ2 for q = 3 and μ = −λ(1−q)/3
for q > 3, we deﬁne h by
h =
⎛
⎜⎜⎜⎝
μ 0 0 0 0
0 0 0 λ 0
0 0 μ 0 0
0 λ−1 0 0 0
0 0 0 0 μ
⎞
⎟⎟⎟⎠ .
Since h2 = diag(μ2, λq−1,μ2, λq−1,μ2), it follows that |h| = 2(q + 1). Furthermore, μ = μ−1 and
deth = −μ3λq−1 = 1, so h ∈ G . It is easy to check that
x1(t,u)
h = x1(t,u),
x2(t)
h = x3
(
tλμ−1
)
,
x3(t)
h = x2
(
tλ−1μ−1
)
.
Deﬁne y(t) = x2(t)x3(t(q2+1)/2) and Y = {y(t) | t ∈ K }. Since
t(q
2+1)/2 = t(q2−1)/2t = ±t for every t ∈ K ,
the matrices x2(t) and x3(t(q
2+1)/2) commute. Hence Y is an elementary abelian group of order q2.
Using the equalities λ−(q2+1)/2 = λ−(q+1)2/2λq = λq and μ−(q2+1)/2 = μq = μ−1, we see that
y(t)h = x2(t)hx3
(
t(q
2+1)/2)h = x3(tλμ−1)x2(t(q2+1)/2λ−1μ−1)= y(t(q2+1)/2/λμ).
Hence h normalizes Y . Furthermore, y(t)h
2 = y(tλq−1μ−2), therefore,
y(t)h
q+1 = y(tλ(q2−1)/2μ−(q+1))= y(tλq+1).
Thus F is a Frobenius group with kernel Y and complement 〈h〉. This group centralizes any matrix of
the form x1(t,u). Put x = x1(t,1), where t ∈ K and tq+1 = 1+ 1 = 2. Then |x| = q and N(x) = 3.
Let W = CV (x). Then F acts on W . By Lemma 17 it follows that 0 < W < V . Suppose that Y ⊆
CG(W ). Then W ⊆ CV (y) for all y ∈ Y . On the other hand, dimW  dimCV (g) for every element g
of order q by Lemma 17. Hence W = CV (y) for every 1 = y ∈ Y . This contradicts the fact that the
sum of CV (y) over all nontrivial y ∈ Y is equal to V (see [27, Theorem 5.3.16]). Thus Y  CG(W ),
and applying Lemma 4 we obtain w ∈ W such that |wh| = 2|h| = 4(q + 1). Then |why| = 4q(q + 1).
As 4(q + 1) = (q4 − 1){2} , there are no elements of order 4q(q + 1) in G . Hence ω(V  G) = ω(G), as
required. 
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3-modular Brauer character X2 of U5(2).
1a 2a 2b 4a 4b 4c 5a 8a 11a 11b
2P 1a 1a 1a 2a 2a 2b 5a 4b 11b 11a
3P 1a 2a 2b 4a 4b 4c 5a 8a 11a 11b
5P 1a 2a 2b 4a 4b 4c 1a 8a 11a 11b
11P 1a 2a 2b 4a 4b 4c 5a 8a 1a 1b
X2 10 −6 2 2 −2 −2 0 0 −1 −1
Proposition 2. Let G = SU5(2) and V be a 3-modular 10-dimensional Weil module of G. Then ω(V  G) =
ω(G).
Proof. Let θ denote the representation of G on V and ψ denote the corresponding Brauer character.
Then ψ = X2 in the table of 3-Brauer characters of G in [28]. The corresponding row of the table is
given in Table 1.
Since μ(G) = {8,11,12,15,18}, it is suﬃcient to show that none of 24, 33, 36, 45, and 27 lies in
ω(V  G).
Let g ∈ G be an element of order 8. Then
dimCV (g) =
(
ψ(1a) + ψ(2a) + 2ψ(4b) + 4ψ(8a))/8 = 0.
Hence 24 /∈ ω(V  G). A similar argument shows that 33 /∈ ω(V  G).
Let g ∈ G be an element of order 12. If g3 is in class 4a or class 4b, then
dimCV
(
g3
)

(
ψ(1a) + ψ(2a) + 2ψ(4a))/4 = 2.
If g3 is in 4c, then
dimCV
(
g3
)= (ψ(1a) + ψ(2b) + 2ψ(4c))/4 = 2.
In any case dimCV (g3) < 3, so by Lemma 9 we have that 36 /∈ ω(V  G). A similar argument shows
that 45 /∈ ω(V  G).
According to the character table of G in [6], there are four conjugacy classes of elements of order 9,
denoted by 9a, 9b, 9c, and 9d, in G . The cubes of these classes belong to the classes denoted by 3c
and 3d, and χ0(9a) = χ0(9b) = −2, χ0(3c) = χ0(3d) = 1. Suppose that g is an element of 9a or 9b.
Then
∑8
i=0 χ0(gi) = 10 + 6 · (−2) + 2 · 1 = 0. Since V is a reduction of the module with character
χ0, by Lemma 8 we see that V g contains no elements of order 27. In particular, degV (g) < 9, and
therefore for any h of classes 3c and 3d there are at most two blocks of size 3 in the Jordan canonical
form of θ(h). Thus for every g of classes 9c and 9d, we also have degV (g) < 9 and so V g contains no
elements of 27 either. 
5. Proof of Theorem 1
Let G , V and r be as in the statement of Theorem 1. By Lemma 6 we may assume that V is
absolutely irreducible. Furthermore, we may assume that CG(V ) = 1. Otherwise, CG(V ) = G and so
rs ∈ ω(V  G) for every s ∈ π(G) prime to r, whence ω(V  G) = ω(G) by Lemma 12. Denote the
r-exponent of G by s.
Proposition 3. If G = S2n(q), where n 3, then ω(V  G) = ω(G).
Proof. By Lemma 5 there is a Frobenius group with kernel of order qn and cyclic complement of
order (qn − 1)/(2,q − 1) in G . By Lemma 4 we obtain that V  G contains an element of order
r(qn − 1)/(2,q − 1). Applying Lemma 13 completes the proof. 
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may assume that q is odd.
Proposition 4. If G = O 2n+1(q), where n 3 and q is odd, then ω(V  G) = ω(G).
Proof. By Lemma 5, G contains a Frobenius group with kernel of order qn−1 and cyclic complement
of order (qn−1−1)/2. Hence by Lemma 4 there is an element of order r(qn−1−1)/2 in V G . Suppose
that r(qn−1 − 1)/2 ∈ ω(G). By Lemma 13, we have that either r = 2, or n is even and r divides q + 1,
or q = 3, n = 3 and r = 5. Shi and Tang [29] proved that O 7(3) is almost recognizable, in particular, it
is recognizable among covers. Thus it remains to consider the ﬁrst two cases.
Recall that s is the r-exponent of G . Clearly, rs /∈ ω(G). Assume that s divides the exponent of
some non-anisotropic maximal torus of G . Then some proper parabolic subgroup of G contains an
element g of order s. By Lemma 7 we have degV (g) = s and so the coset V g contains an element
of order rs. Thus to prove that rs ∈ ω(V  G), it suﬃces to ﬁnd a non-anisotropic maximal torus of
exponent divisible by s in G .
Let r = 2. By Lemmas 3 and 11, it follows that s = (q2l − 1){2} , where l is deﬁned by 2l < n 2l+1.
Consider a maximal torus of G corresponding to the signed partition with parts n1 = 2l , n2 = n − 2l
and signs (+,+). This torus is not anisotropic by Lemma 10. By Lemma 11, its exponent is equal to
[q2l − 1,qn−2l − 1] and hence is divisible by s.
Let n be even and r an odd divisor of q + 1. By Lemmas 3 and 11, we have that s = (qrl + 1){r}
with l deﬁned by rl  n < rl+1. In fact, rl < n, since n is even. So the desired torus is a maximal torus
corresponding to the signed partition with parts n1 = rl , n2 = n − rl and signs (−,+). 
Proposition 5. If G = O+2n(q), where n 4, then ω(V  G) = ω(G).
Proof. Using Lemmas 4 and 5, we see that there is an element of order r(qn−1 − 1)/(2,q − 1) in
V  G . Suppose that r(qn−1 − 1)/(2,q − 1) ∈ ω(G). Then by Lemma 13, either n is odd and r = 2, or
n = 2m + 1 for some m, q = 2 and r = 3.
The representation of G on V can be lifted to a representation of Ω+2n(q), so by the same argument
as in Proposition 4, it is suﬃcient to ﬁnd a non-anisotropic maximal torus of exponent divisible by s
in G .
Let n be odd and r = 2. By Lemmas 3 and 11, we have that s = (q2l − 1){2} with l deﬁned by
2l < n < 2l+1. The desired torus is a maximal torus corresponding to the signed partition with parts
(2l,n − 2l) and signs (+,+).
Let n = 2m +1, q = 2 and r = 3. By Lemmas 3 and 11, we obtain that s = (q3l +1){3} with l deﬁned
by 3l < n 3l+1. Note that 3l < n− 1 = 2m . So the desired maximal torus is one corresponding to the
partition (3l,n − 1− 3l,1) with signs (−,+,−). 
Proposition 6. If G = O−2n(q), where n 4, then ω(V  G) = ω(G).
Proof. Using Lemmas 4 and 5, we ﬁnd an element of order r(qn−2 − 1)/(2,q − 1) in V  G . Suppose
that r(qn−2 −1)/(2,q−1) ∈ ω(G). By Lemma 13, it follows that either r = 2, or n is odd and r divides
q + 1, or n ≡ 2 (mod 4) and r divides q2 + 1, or n = 2m + 2 for some m, q is even and r divides
q2 ± q + 1, or n = 4 and r divides q2 ± q + 1.
The same argument as in Proposition 5 shows that it is suﬃcient to ﬁnd a non-anisotropic maximal
torus of exponent divisible by s.
Let r = 2. By Lemmas 3 and 11, we obtain that s = (q2l − 1){2} with l deﬁned by 2l < n 2l+1, and
therefore s divides the exponent of a maximal torus corresponding to the partition (2l,n − 2l) with
signs (+,−). Thus we may assume that r is odd.
Let n be odd and r an odd divisor of q + 1. Then s = (qrl + 1){r} , where rl  n < rl+1. Suppose that
n = rl . Then every element of ω(G) which is prime to q and divisible by s divides (qn + 1)/(2,q − 1).
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order (q2n/r − 1)/(2,q − 1) in G . So V  G contains an element of order a = r(q2n/r − 1)/(2,q − 1).
Suppose that a ∈ ω(G). Since a{r} = r(q2n/r − 1){r} = (q2n − 1){r} = (qn + 1){r} = s, it follows that a
divides (qn + 1)/(2,q − 1). Putting q˜ = qn/r , we see that q˜2 − 1 divides q˜r + 1, whence q˜ = 2. Thus
q = 2, r = 3, and n = 3, a contradiction. Thus we may assume that rl < n. Then the required maximal
torus is one corresponding to the partition (rl,n − rl) with signs (−,+).
Let n ≡ 2 (mod 4) and r be an odd divisor of q2 + 1. Then s = (q2rl + 1){r} with l deﬁned by
2rl  n < 2rl+1. In fact, 2rl < n, for otherwise n = 2rl and n ≡ 2 (mod 4). So we can take a maximal
torus corresponding to the partition (2rl,n − 2rl) with signs (−,+) as the required torus.
Let n = 2m + 2 for some m and r divide q2 + εq + 1 with ε = ±1. Then s = (q3rl − ε){r} , where l
is deﬁned by 3rl < n < 3rl+1. Consider two maximal tori corresponding to the partition (3rl,n − 3rl)
with signs (+,−) and (−,+) respectively. One of these tori has exponent divisible by s. 
Proposition 7. If G = Un(q), where n 4 is even, then ω(V  G) = ω(G).
Proof. Applying Lemmas 4 and 5 yields that V  G contains an element of order r(qn−2 − 1)π(b)′ ,
where b = (n/2,q2 − 1). Suppose that G contains an element of the same order. By Lemma 13, it
follows that either r divides (n/2,q2 − 1), or n = 4, q = 2 and r = 3.
We ﬁrst consider the case when r divides (n/2,q2 − 1).
Let n 8 and r = 2. Then n is divisible by 4 and the 2-period of G is equal to s = (q2l −1){2} , where
l is deﬁned by 2l < n 2l+1. Since 2l  4 and n is divisible by 4, it follows that 2l  n−4. By Lemma 5,
G contains a Frobenius group with kernel of order q2
l
and cyclic complement of order q2
l − 1. Hence
2s ∈ ω(V  G) and so ω(V  G) = ω(G).
Let n  8 and r > 2. Then n  10. There is an integer l  0 such that 2rl  n − 4 < 2rl+1. Further-
more, there is an integer m such that 1m < r and
2mrl  n − 4 < 2(m + 1)rl.
Note that (m + 1)rl > 3, so either l > 0 or m > 3 and, in particular, mrl  3. By Lemma 5, G contains
a Frobenius groups with kernel of order q2mr
l
and cyclic complement of order q2mr
l − 1. Thus a =
r(q2mr
l − 1) ∈ ω(V  G).
We claim that a /∈ ω(G). Otherwise, a divides
[
qn1 − (−1)n1 , . . . ,qnk − (−1)nk]
for some k 1 and n1 + · · · + nk = n. Since
a{r} = rl+1
(
q2 − 1){r} = (q2rl+1 − 1){r},
one of the numbers n1, . . . ,nk is a multiple of rl+1. Furthermore, there exists a primitive prime divisor
r2mrl (−q), so one of these numbers is a multiple of 2mrl . Hence rl+1 + 2mrl  n or 2mrl+1  n. In the
ﬁrst case
rl+1 + 2mrl < n < 2(m + 1)rl + 4,
whence rl+1 +2mrl  2(m+1)rl +1 and so rl(r−2) 1. Then l = 0, r = 3, and n−4 < 4, contradicting
the assumption n 8. In the latter case
2mrl+1  n < 2(m + 1)rl + 4,
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3-Brauer characters of U4(2).
1a 2a 2b 4a 4b 5a
X1 1 1 1 1 1 1
X2 5 −3 1 1 −1 .
X3 10 2 −2 2 . .
X4 14 6 2 −2 . −1
X5 25 −7 1 −3 1 .
X6 81 9 −3 −3 −1 1
whence 2mrl+1  2(m + 1)rl + 2, and therefore rl(m(r − 1) − 1)  1. It follows that l = 0, r = 3, and
n < 8, a contradiction.
Let n = 6. Then r = 3. By Lemma 5, G contains a Frobenius group with kernel of order q3 and cyclic
complement of order (q3 − 1)/(2,q − 1). Hence there is an element of order a = 3(q3 − 1)/(2,q − 1)
in V  G . Suppose that a ∈ ω(G). Since a is divisible by a primitive divisor r6(−q), it must divide
t = (q6 − 1)/(q + 1)(6,q + 1). On the other hand, we have
a{3}
t{3}
= 3(q
3 − 1){3}(q + 1){3}(3,q + 1){3}
(q6 − 1){3} =
3(q + 1)2{3}
(q3 + 1){3} = 3,
a contradiction.
Let n = 4. Then r = 2 and the r-exponent of G is equal to s = (q2 − 1){2} . Maximal tori of G corre-
sponding to the partition (2,1,1) are not anisotropic and have exponent divisible by s. By Lemma 7,
either 2s ∈ ω(V G) \ω(G) or we are in one of the cases (ii)–(v) of this lemma. Since s is even, n = 4
and s = q+ 1, it remains to consider (v). In this case s/(q+ 1) must be an even integer which divides
n − 1 = 3, a contradiction.
Let G = U4(2) and r = 3. Let ψ denote the Brauer character of the representation of G on V . Then
ψ is one of the characters X1, X2, . . . , X6 in Table 2 (the table of 3-Brauer character of G in [28]).
Let g ∈ G have order 5. Then dimCV (g) = (ψ(1a)+4ψ(5a))/5 > 0. Hence V G contains elements
of order 15. On the other hand, 15 /∈ ω(G). 
Proposition 8. If G = Un(q), where n  5 is odd, then either ω(V  G) = ω(G), or G = U5(2) and V is a
module in characteristic 3.
Proof. Suppose that ω(V  G) = ω(G). By Lemma 5, G contains a Frobenius group with kernel of
order qn−3 and cyclic complement of order qn−3 − 1, whence r(qn−3 − 1) ∈ ω(G). By Lemma 13, it
follows that r divides either q2 − q + 1, in which case (n,3) = (n,q + 1) = 1, or q2 + 1, in which case
n = 5 and (5,q + 1) = 1. In particular, Z(SUn(q)) = 1 and G = SUn(q).
Let n = 5,7. Then n 11 and r divides q2 − q + 1, so r is odd. It follows that e(r,−q) ∈ {1,3}. Put
e = e(r,−q). Since n − 3 8 > 2e, there is an integer l  0 such that 2erl  n − 3 < 2erl+1. Moreover,
there is an integer m such that 1m < r and
2merl  n − 3 < 2(m + 1)erl.
Note that (m + 1)erl > 4, and therefore either l > 0, or e = 3 or m > 3. This implies that merl  3.
By Lemma 5, G contains a Frobenius group with kernel of order q2mer
l
and cyclic complement of
order q2mer
l − 1, whence a = r(q2merl − 1) ∈ ω(V  G).
We claim that a /∈ ω(G). For otherwise, a divides
[
qn1 − (−1)n1 , . . . ,qnk − (−1)nk],
for some k 1 and n1 + · · · + nk = n. Since
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(
q2me − 1){r} = (qerl+1 + 1){r},
one of the numbers n1, . . . ,nk is a multiple of erl+1. Furthermore, there exists a primitive prime
divisor r2merl (−q), and hence one of n1, . . . ,nk is a multiple of 2merl . Thus erl+1 + 2merl  n or
2merl+1  n. In the ﬁrst case
erl+1 + 2merl  n < 2(m + 1)erl + 3,
whence erl+1 + 2merl  2(m + 1)erl + 1 and so erl(r − 2)  1. This implies e = 1, l = 0, r = 3, and
n − 3 < 6, contradicting the assumption n 11. In the latter case
2merl+1 < n < 2(m + 1)erl + 3,
whence 2merl+1  2(m + 1)erl and so m(r − 1) 1, a contradiction.
Let n = 7 and r divide q2 −q+1. Then s = (q3 +1){r} . If r is prime to q+1, then s = (q2 −q+1){r} ,
while for r dividing q + 1 we have r = 3 and so s = 3(q + 1){3} by Lemma 3.
Now we exploit the matrix representation of unitary groups deﬁned in Section 4 to build an
element g belonging to a proper parabolic subgroup of G and having order s. Let λ be a prim-
itive sth root of unity in GF(q6). There is a matrix x of order s and of Jordan canonical form
diag(1, λ,λ−q, λq2 ,1) in GU5(q) (see class C11 in [26, Table 1]). Put a = λq2−q+1 and g = diag(a, x,a). It
is easy to check that aq+1 = 1, so g ∈ SU7(q). Moreover, g stabilizes an isotropic line and thus belongs
to a proper parabolic subgroup of G . Applying Lemma 7 to g we obtain that either rs ∈ ω(V  G), as
required, or one of the cases (ii)–(v) of this lemma occurs. Since s = q + 1, this is either (iv) or (v).
In the case (iv) we have q = 2, s = 9 and g having an eigenvalue of multiplicity 4, but the canonical
form of g is diag(λ3,1, λ,λ−2, λ4,1, λ3), a contradiction. In the case (v) it follows that k = s/(q+1) is
an odd divisor of n − 1 = 6 and k > 1. Hence k = 3, r = 3 and g3 has an eigenvalue of multiplicity 6.
But the canonical form of g3 is diag(1,1, λ3, λ3, λ3,1,1), a contradiction.
Let n = 5 and r divide q2 + 1. Then s = (q4 − 1){r} . This number divides the exponent of maximal
tori corresponding to the partition (4,1). By Lemmas 7 and 15, either rs ∈ ω(V  G) \ω(G) or V is a
Weil module and one of the cases (ii)–(v) of the ﬁrst lemma occurs. If s = q + 1, then r divides both
q + 1 and q2 + 1, whence r = 2. But then s = (q4 − 1){2} > q + 1, a contradiction. If q = 2 and s = 9,
then r = 3 and r does not divide q2 + 1. Thus we are in the case (v) of Lemma 7. Then s/(q + 1) = 2
or s/(q + 1) = 4, whence r = 2 and q is a Mersenne prime. By Lemma 16, it follows that the only
2-modular Weil module of G is the 2-reduction of the (q5 − q)/(q + 1)-dimensional complex Weil
module. Now ω(V  G) = ω(G) by Proposition 1.
Let n = 5 and r divide q2 − q + 1. Then s = (q3 + 1){r} . This number divides the exponent of
maximal tori corresponding to the partition (3,2). By Lemma 7, either rs ∈ ω(V  G) \ ω(G) or one
of (ii)–(v) holds. If s = q + 1, then r divides both q + 1 and q2 − q + 1, whence r = 3. But then
s{3} = (q3 + 1){3} = 3(q + 1){3} > (q + 1){3} . If k = s/(q + 1) is integer and larger than 1, then it does
not divide n − 1 = 4. So this is the case (iv) of Lemma 7, and q = 2 and r = 3, as claimed. 
Theorem 1 follows from Propositions 2–8.
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